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Abstract  
A proper mathematical model was established to describe the ecological relationship in soil-like substrate (SLS) 
system. The theoretical analysis of the model was made. It was proved that the stability of SLS system has nothing to 
do with the initial population of microbes and earthworms, but everything to do with their species. The coordinates 
of stable point depend on the dilution rate and initial amount of inedible biomass. 
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1.Introduction
 Bioregenerative life support system (BLSS) is a key technology for interplanetary flights and 
development of long-term base on the surface of Moon and Mars [1-2]. The treatment of inedible 
biomass, especially grain crop residues, is one of the most characteristic functions of BLSS [3-4]. N. S. 
Manukovsky and his colleagues had proposed a technology of growing plants on the so-called soil-like 
substrate (SLS), in which inedible plant biomass would be processed by the heterotrophic components 
including microbes and earthworms [5-6].  
 Although considerable research has been devoted to testing SLS for growing plants, rather less 
attention has been paid to evaluate its stability in the long-term continuous condition [7-8]. 
 This present work is divided into two parts. In this article, a proper mathematical model of 
continuous SLS preparation is established. The theoretical analysis of this model is made to get the range 
of biological components. 
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2.Methodology 
 The ecological relationship among inedible biomass, microbes and earthworms could be described 
using Fig. 1. 
S
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Fig. 1 Ecological diagram of SLS system. 
 The microbes live on the inedible biomass exclusively, while earthworms feed on inedible biomass 
and microbes simultaneously. 
 The mathematical model describing above relationships could be established based on the classical 
Chemostate model and Lotka-Vloterra model: 
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where S(Ĳ), X(Ĳ), Y(Ĳ) denote the concentrations of inedible biomass, microbes and earthworms at the time 
Ĳ, respectively; S0 denotes the input concentration of the inedible biomass; and D is the dilution rate. The 
functions ȝ1(S), ȝ2(S), ȝ3(X) denote the specific growth rate of inedible biomass, microbes and 
earthworms respectively. 
 Let us consider a very simplified situation - the specific growth rates are directly related. Thus, the 
model could be transformed as: 
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here D, S0, M1, M2, M3 are all positive constants. 
 Let Dt  W , 0/ SSs  , 0/ SXx  , 0/ SYy  ,  3 ,2 ,1i /0ii   DSMm , system (2) could be 
simplified to the nondimensional format: 
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 According to real meaning of the model only, we need to discuss (3) in set 
 ^ ` 00,0,|,,     : yxsyxs .  
 Consider the quantity z=1–s–x–y, where s, x and y are solutions of (3). Then, system (3) could be 
transformed as: 
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 From the first equation of (4) we can get z=z0·e–t, so all the solutions of (4) tend to z=0, when tĺ. 
Here plane z=0 is the solution plane in phase space (s, x, y), that is to say the Ȧ limit set of all the 
solutions of (3) are in the solution plane ʌ: s+x+y=1. Now let us discuss the orbit property of (3) in 
solution plane ʌ. That is to consider the following planar system: 
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 This is often referred to as the conservation principle. However, a slight change in the removal rate 
of x or y destroys the form of the conservation principle and the reduction to a planar system is no longer 
possible. 
 It was easy to find that (5) exits four finite equilibrium points: N0(0, 0),  0 ,/)1( 111 mmN  , 
 222 )/1( ,0 mmN   and N3(x*, y*), here: 
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 According to Lyapunov first method, the stability of (5) is identical to its linear system at the 
neighbourhoods of equilibrium points [9]. 
 The Jacobian matrix of (5) takes the form 
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 At N0(0, 0), 
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 The eigenvalues lie on the diagonal: (m1–1) and (m2–1). They are all negative if and only if 
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. Therefore, x and y tend to 0, when tĺ. To prevent species from extinction, at least one of 
m1 and m2 should greater than 1. 
 
Lemma 1. m1>1 or m2>1. 
 
 The Jacobian matrix at  0 ,/)1( 111 mmN   is 
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 The eigenvalues lie on the diagonal: (1–m1) and   131312 / mmmmmm  . They are all negative if 
and only if 
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. In this case, y tends to 0, when tĺ. To prevent silkworms from 
extinction, at least one of these constraints should be unsatisfied. Namely, 
 
Lemma 2. m1<1 or m2–m1–m3+m1m3>0.
 
 The Jacobian matrix at  222 )/1( ,0 mmN   is 
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 The eigenvalues are (1–m2) and   232132 / mmmmmm  . Similar to N1, system should be 
unstable at this point. Therefore, one of the eigenvalues should be positive. That is, 
 
Lemma 3. m2<1 or m2–m1–m3+m2m3<0. 
 
 Finally, we discuss the orbit property at N3(x*, y*), here: 
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 It is reasonable that system exits at least one positive equilibrium point. Thus, 
 
 
 
 
 °
°
¯
°°
®
­
!


!


0
0     
3123
31312
3123
32312
mmmm
mmmmm
mmmm
mmmmm
. (10) 
 
 As we know that, m1, m2, m3 are all positive. We assume that m2–m1–m3>0, therefore, 
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which is inconsistent with assumption. 
 Another case is m2–m1–m3<0, therefore, 
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 And it can also deduce 
 
 12 mm  . (15) 
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 The Jacobian matrix at N3(x*, y*) is 
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 The eigenvalues satisfy 
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 From (16), we can find that   0/ 312  mmmp . 
 From (14), we can deduce  
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 p<0 and q>0, hence the real part of eigenvalues of Jacobian matrix at N3(x*, y*) are all negative. 
System (3) is stable at this point.  
 Therefore, when the positive growth coefficients satisfy (14), or we can say if this point is a positive 
equilibrium point, the system would be asymptotical stable here. 
 
Lemma 4. m2m3<m1+m3–m2<m1m3. 
 
The discriminant, 
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 System (3) would be stabilized at a node when ǻ0, and at a focus when ǻ<0. 
 It has been proved that solution plane ʌ: s+x+y=1 is the Ȧ limit set of (3), and the equilibrium points 
lay on the plane ʌ. So, we only need to prove that N3(x*, y*) is global asymptotical stable on solution 
plane ʌ. 
 The Dulac function could be constructed as  xyB /1 . 
 Then, 
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 Because m1, m2, x, y are all positive, so the result of this equation is negative. And it is not identical 
zero at any subfield of solution plane ʌ. 
 Based on the Bendixson-Dulac theorem, there is no periodic solution on plane ʌ [10]. From above, 
we can find that there is no any other equilibrium point on plane ʌ.  
 
Lemma 5. System (3) is global asymptotical stable at N3(x*, y*), when Lemma 4 is satisfied. 
 
3.Conclusion
 If m1. m2, m3 satisfy 
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system (3) has only one global stable equilibrium point N3(x*, y*). At this point, the amounts of inedible 
biomass, microbes and earthworms are: 
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 The stability of SLS system has nothing to do with the initial population of heterotrophic 
components, but everything to do with their species. If we select the proper species of microbes and 
earthworms in proper region, the continuous stable operation of SLS system could be achieved. 
Moreover, the stable point is dependant on the dilution rate and the initial amount of inedible biomass. 
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